Olivier Polit, Maurice Touratier. A multilayered/sandwich triangular finite element applied to linear and nonlinear analysis. Composites structures, 2002Composites structures, , 58, pp.121-128. 10.1016 In this paper, we focus on the geometrically non-linear behaviour of multilayered plates. For this purpose, a high order plate model is used which exactly ensures both the continuity conditions for displacements and transverse shear stresses at the interfaces between layers of a laminated structure, and the boundary conditions at the upper and lower surfaces of the plates. Furthermore, the transverse shear strain distributions are given by cosine functions and shear correction factors are not needed.
Introduction
Multilayered plates and in particular sandwich panels are more and more used in aerospace, automotive and in general industrial structures. Designing this kind of structure is needed and requires the use of complex numerical tools. A recent paper [1] gives an overview of the state of the art concerning sandwich panels and readers are also referred to Reddy's book [2] dedicated to laminated composite plates.
In order to accurately evaluate stresses which are of high importance for multilayered structures, threedimensional or layer-wise bi-dimensional finite element analysis can be used. The cost of the first approach is very high because a large number of elements are required in the thickness direction, while for the second, the number of unknowns depends on the layer number and almost the same cost as a 3D analysis is reached. From this point of view, the aim of this work is to present an efficient, simple to use and very accurate numerical tool.
This new numerical tool includes transverse shear effects and continuity requirements between layers in order to predict displacements and stresses of such structures for design applications. Another objective is the use of the five conventional generalized displacements in the plate field.
The choice of the finite element method is evident but very few finite elements dedicated to this kind of analysis, including all the above capabilities without numerical problems (shear locking, spurious modes,. . .), exist in the literature. In fact, it is very difficult to achieve an efficient element including these capabilities for sandwich structure analysis. From the authors' knowledge of recent finite element literature, Sciuva [3] and Carrera [4] developed finite elements taking into account refined shear deformation and interlayer continuity requirements, but those elements exhibit a severe transverse shear locking and need selective or reduced integration techniques. Furthermore, it must be denoted that Carrera finite elements have more than five conventional generalized displacements because two ''zig-zag'' functions are added to the Reissner-Mindlin (RM) model.
In this paper, we present a new C 1 plate finite element based on the refined kinematic model given in [5] and incorporating
• transverse shear strains with a cosine distribution;
• the continuity conditions between layers of the laminate for both displacements and transverse shear stresses; • the satisfaction of the boundary conditions at the top and bottom surfaces of the plates; • only five independent generalized displacements (three translations and two rotations) without shear correction factors.
The element is of triangular shape and the generalized displacements are approximated by higher-order polynomia based on the • Argyris et al. [6] interpolation for the transverse normal displacement; • Ganev and Dimitrov [7] interpolation for both membrane displacements and transverse shear rotations.
The transverse normal stress is deduced from the equilibrium equations since the finite element is based on high degree interpolation functions. A linear variation of the transverse normal stress with respect to the in-plane coordinates is then obtained.
Furthermore, geometric non-linear effects are included via the Von Karmann assumptions which allow moderately large transverse displacements, while rotations and strains are small. Some linear static tests are presented and show that the element has a good behaviour and, even with a coarse mesh, gives accurate computations for displacements and stresses compared to the exact three-dimensional elasticity solutions for multilayered plates. Next, we focus our attention on non-linear static and postbuckling tests for sandwich plates with different skins by core material property ratios or angle ply laminates for which few results are available in the literature.
The first part of this paper deals with the multilayered plate model while the second part concerns the finite element development. The last section is dedicated to numerical evaluations.
The displacement field assuring interlayer continuity
Let ðx 1 ; x 2 ; x 3 ¼ zÞ denote the cartesian co-ordinates so that x 1 and x 2 are in the midplane ðz ¼ 0Þ of a plate of constant thickness e, while z is the transverse normal coordinate and t is the time. u ðkÞ i ðx 1 ; x 2 ; z; tÞ; i 2 f1; 2; 3g are the cartesian components of the displacement field for the kth layer of a multilayered plate, and the transverse normal strain denoted by 33 (2) (4), then equating (3) and (4), and performing an integration with respect to the z co-ordinate, it follows that (when superimposing membrane displacements v a and denoting h a as the true rotations): are immediately deduced from Eq. (1) and the above integration performed with respect to the z co-ordinate. These coefficients are determined from the boundary conditions at the top and bottom surfaces of the plate, and from the continuity requirements at the layer interfaces for displacements and stresses, see B e eakou and Touratier [8] . Hereafter the superscript ðkÞ for u ðkÞ a components is omitted in order to lighten the finite element description of the model.
Virtual power principle for geometrically non-linear analysis
Let us consider a total Lagrangian configuration and a multilayered plate for which the volume is denoted V ð0Þ and the frontier Sð0Þ where ð0Þ indicates the initial (fixed) configuration used. The boundary value problem is formulated by the following total Lagrangian functional:
where u is the displacement field given above by Eq. (5) and u Ã is the virtual velocity field. The bilinear function a specifies the virtual internal power and the linear functions f and F represent body (including inertia terms) and surface loads.
Expression (6) is nonlinear with respect to displacements (see Eqs. (10) and (11)) and a standard linearization procedure must be used. Without followed forces, the linearized form of Eq. (6) gives
where u ¼ u þ Du, and u refers to a known state. The tangent operator is given by the left member of Eq. (7) while the right member first term depends on the known state.
Finite element approximations
In order to use bidimensional finite element approximations, a triangulation of the middle plane of the volume V ð0Þ is considered and we denote X e an elementary domain of the discretization. The superscript h is added and means finite element approximation.
This elementary domain is of triangular shape and only three nodes are used for the geometric approximation.
From the displacement field u given by Eq. (5), a conforming finite element method involves the use of a C 1 finite element approximation for the deflexion v h 3 which belongs to the Sobolev space H 2 ðX e Þ: The Argyris interpolation is chosen, see Bernadou [9] or the original paper [6] for more details. Moreover, only a C 0 continuity is required for the membrane displacements v h a and the shear rotations h h a . In order to avoid the transverse shear locking which appears when thin plates are modelized [10] , the Ganev interpolation [7, 9] is used. With these choices, the field compatibility [10] is automatically ensured for the transverse shear strains because Argyris interpolation is a fifth order polynomia and Ganev interpolation is a fourth order polynomia.
The finite element constructed with these interpolations has the following set of degrees of freedom:
• at the corner node, we have the following degrees of freedom:
• while, at the mid-side node, they are:
where p; n is the derivative with respect to the normal direction of the edge.
The elementary matrices
The finite element procedure must be introduced in Eq. (7) in order to obtain all the elementary matrices.
Strains and virtual strain rates can be split into their linear (index L) and non-linear (index NL) parts as follows:
where the linear part is classic and the non-linear part, associated with the Von-Karmann assumptions, is given by 
Restriction of Eq. (7) on X e gives for the first term of the right member
where ½E h e (respectively ½E Ãh e ) may be seen as a vector of generalized strains (resp. virtual strain rates), given by
Matrices ½A e , ½B e ð u u h Þ are the integration with respect to the thickness of the material behaviour which corresponds respectively to: the classical linear part, and the contribution of the non-linear terms depending on the known state u u h : The above finite element approximations and the degrees of freedom (dof) vector ½Q e are introduced in ½E h e T and ½E Ãh e T and allow defining
• the elementary stiffness matrix ½K e
• the elementary vector (contribution of the non-linear terms)
In the same way, the left member of Eq. (7) becomes
where ½DE h e stands for the incremental generalized strain vector. The matrix ½A e ð u u h Þ depends on material properties and on both linear and quadratic known state u u h while ½A e ð r r h Þ depends on the in-plane stresses. Finally, the elementary tangent stiffness matrix is given by
where ½K e is defined above and
The other terms in the right member of Eq. (7) allow to define the load vector, denoted by ½B e , and the mass matrix, denoted by ½M e , which are classic.
The numerical results
The governing matrix equations for the numerical analysis are the following:
Linear static. ½K½Q ¼ ½B.
Free vibration. ð½K À x 2 ½MÞ ¼ ½0 which is an eigenvalue problem.
Linearized buckling values. ð½K þ k½Kð r r h ÞÞ ¼ ½0, an eigenvalue problem where r r h is an initial in-plane load and k is the linearized critical buckling load.
Non-linear static analysis.
which is solved using a Newton-Raphson scheme based on an incremental force approach.
Post-buckling analysis.
where a transverse load is first applied in order to introduce a geometric imperfection, and secondly the in-plane load is solved as above.
In this section, different kinematic models are evaluated. The finite element approximations are denoted GAG (for Ganev-Argyris-Ganev) and the following models are compared:
• Sinus model with continuity (SIN-C).
• Kirchhoff-Love model (KL) deduced from (5) Results based on a C 0 finite element [10] are also presented. This finite element, denoted CL8, has eight nodes and is based on the RM model. It is free of transverse shear locking and has very good convergence and accuracy properties in the field of C 0 finite elements. It must be denoted that all units used in this section refer to those of the International System (M, K, S, A).
Linear analysis
The first linear problem considered here was defined by Srinivas and Rao [11] who gives exact three-dimensional elasticity solutions. A simply supported sandwich square plate with a skin by core property ratio b under an uniform transverse load is considered. The sandwich plate is symmetric and has a skin thickness e s ¼ 0:01, a core thickness e c ¼ 0:08 and a length to thickness ratio of a=e ¼ 10. Table 1 gives results for all the finite elements described above in comparison with the exact three-dimensional elasticity solution. Deflexion v 3 and stresses r 11 ; r 22 ; r 13 ; following four kinds of meshes (N ¼ 1, 2, 4,  8 ) in a quarter of the plate are compared. All these meshes are regular and N ¼ 2 means that the edges are divided in 2: this mesh contains 4 quadrilaterals or 8 triangles. For the present element GAG/SIN-C, the mesh N ¼ 2 gives converged values for both transverse displacement and stresses, including the transverse shear stress. This last value presents a deviation smaller than 4% with respect to the three-dimensional elasticity solution. This table also shows convergence and accuracy information for the other models. Some remarks can be made Fig. 1 , distributions with respect to the normal co-ordinate are the same. In Fig. 2 we can observe the contribution of the continuity conditions because r 13 must be continuous at the layer interfaces and reference value and GAG/ SIN-C have the same distribution. Finally, Fig. 3 presents the r 33 values deduced from the equilibrium equations at the post-processing level. Both models, with or without the continuity conditions, give good distributions. The load value is recovered at the top Convergence properties and accuracy, for different plate models, in comparison with the exact three-dimensional elasticity solution. Fig. 2 . Distribution of r 13 ð0; a=2; zÞ with respect to the thickness coordinate. Fig. 1 . Distribution of r 11 ða=2; a=2; zÞ with respect to the thickness coordinate.
surface while zero value is found at the bottom surface, in agreement with the free surface boundary condition. Some results are given in Table 2 for free vibrations and linear critical buckling loads of the same sandwich panels with a different skin by core property ratios. For the free vibrations, very accurate results are obtained with N ¼ 1 mesh with respect to the three-dimensional reference values, while mesh N ¼ 2 is necessary to reach converged values for the critical buckling loads. The linear critical buckling loads are slightly overestimated and a deviation smaller than 3.6% is found with respect to the reference values.
Non-linear analysis
The first set of tests concerns a simply supported square sandwich plate under an uniform transverse load. Properties as above are considered and the study concerns the skin by core property ratio b which varies from 5 to 50. A quarter of the panel is discretized using N ¼ 2 mesh.
The load is increased and non-linear equations are solved using a Newton-Raphson algorithm until the results converge within the specific tolerance limit of less than 1% on the displacement increment.
Figs. 4 and 5 give results for b ¼ 25 and compare the finite elements GAG/KL, GAG/RM, and the present GAG/SIN-C. These figures respectively show the transverse displacement v 3 ða=2; a=2; 0Þ and the in-plane displacement u 2 ða=2; 0; zÞ distributions with respect to the thickness co-ordinate z. In those figures, one can observe the part of the transverse shear stresses and the effect of the assumptions: no transverse shear stresses for the KL model, a constant value in each layer without continuity for the Reissner-Mindlin model and a physical distribution and continuity for the present model.
For different values of b, the transverse displacement v 3 ða=2; a=2; 0Þ is presented in Fig. 6 for linear (curves without marker) and non-linear (curves with markers) analyses. The difference between linear and non-linear results increases significantly when the displacement value increases. It must also be denoted that the higher b is, more the non-linear effect must be taken into account early: for b ¼ 5, transverse displacement values become significantly different between linear and non-linear an- Table 2 Free vibrations and critical buckling loads Fig. 7 shows the in-plane displacement u 2 ða=2; 0; zÞ with respect to the thickness co-ordinate for a normal transverse load value of F 3 ¼ 2 Á e4. Linear (curves without marker) and non-linear (curves with markers) analyses can be compared and u 2 ða=2; 0; 0Þ ¼ 0 is satisfied for all b value in the linear cases. The difference is obvious between these two analyses and is more significant for a small rigidity ratio. When the rigidity ratio increases, in-plane displacement decreases. In the case of the non-linear analysis, the in-plane displacement values u 2 ð0; a=2; Àe=2Þ at the bottom surface are closed to zero, except for b ¼ 5.
Buckling and post-buckling analyses
The second set of tests is about buckling and postbuckling analyses. Four layers (h; Àh; Àh; h) simply supported square plate under uniaxial and biaxial inplane loads are considered. The mesh N ¼ 2 is used to model the whole plate.
Material properties are taken from [12] and are given by Finally, post-buckling results are given in Fig. 9 with respect to the layer orientation. The transverse displacement at the plate center is shown versus the inplane load value. A small uniform transverse load is applied in order to initiate the buckling mode, and then the in-plane load is increased using a Newton-Raphson algorithm until convergence. Linear critical buckling load values presented in Fig. 8 , are recovered: the less critical buckling load value is obtained for the homogeneous case, while the higher value is found for a layer orientation of h ¼ 30°. From the post-buckling curves and for h ¼ 45°, one can observe that the plate stiffness has the greatest value, as the transverse displacement is smaller for a given load. On the other hand and for the homogeneous case, the slope of the post-buckling curve is nearly horizontal. 
Conclusions and perspectives
A new finite element for the multilayered plate analysis has been presented in this paper. Evaluations for linear and non-linear tests give results in great agreement with available solutions for displacements and stresses and very good convergence and accuracy properties have been demonstrated.
This new finite element is based on a refined kinematic model, including a cosine distribution of the transverse shear strains, the continuity conditions between layers for both displacements and transverse shear stresses, and the satisfaction of the boundary conditions at the top and bottom surfaces of the plate. Furthermore, higher order polynomia are used in order to define the finite element approximation for the generalized displacements.
